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Abstract
A graph G has the strong parity property if for every subset X ⊆ V with |X | even, G has a
spanning subgraph F with minimum degree at least one such that dF (v) ≡ 1 (mod 2) for all v ∈ X ,
dF (y) ≡ 0 (mod 2) for all y ∈ V (G)−X . Bujta´s, Jendrol and Tuza (On specific factors in graphs,
Graphs and Combin., 36 (2020), 1391-1399.) introduced the concept and conjectured that every
2-edge-connected graph with minimum degree at least three has the strong parity property. In this
paper, we give a characterization for graphs to have the strong parity property and construct a
counterexample to disprove the conjecture proposed by Bujta´s, Jendrol and Tuza.
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1 Introduction
Let G be a graph with vertex set V (G) and edge set E(G). The number of vertices of G is called
its order and denoted by |V (G)|. For a vertex u of a graph G, the degree of u in G is denoted by
dG(u), and the minimum vertex degree of G will be denoted by δ(G). Let EG(S, T ) denote the set
of edges of G joining S to T and let eG(S, T ) := |EG(S, T )|. When S = {x}, we denote EG({x}, T )
by EG(x, T ). For X ⊆ V (G), we write G −X for the subgraph of G induced by V (G) −X . The
subgraph F of G with vertex set V (G) is a spanning subgraph. For S ⊆ V (G), let c(G− S) denotes
the number of connected components of G− S.
Let g, f be two integer-valued functions such that g(v) ≤ f(v) and g(v) ≡ f(v) (mod 2) for
all v ∈ V (G). A spanning subgraph F of G is called (g, f)-parity factor if dF (v) ≡ f(v) (mod 2)
and g(v) ≤ dF (v) ≤ f(v) for all v ∈ V (G). Let a, b be two positive integers such that a ≤ b and
a ≡ b(mod 2). If f(v) = b and g(v) = a for all v ∈ V (G), then a (g, f)-parity factor is an (a, b)-parity
factor. An (a, b)-parity factor F is a (1, k)-odd factor if a = 1 and b = k. For more definitions and
notations of parity factors, we refer the reader to [8].
There are some characterizations on parity factors, for example, in [1,2,5–7]. Specially, Guan [4]
obtains the following result.
Theorem 1. If G is a connected graph, the for any X ⊆ V (G) with |X | even, G has a spanning
subgraph H such that dF (v) ≡ 1 for all x ∈ X and dF (v) ≡ 0 for all x ∈ V (G)−X.
It is well-known that the necessary condition in Theorem 1 is also sufficient. A graph G has
the strong parity property if for every subset X ⊆ V with |X | even, G has a spanning subgraph F
such that δ(F ) ≥ 1, dF (v) ≡ 1 (mod 2) for all v ∈ X , dF (y) ≡ 0 (mod 2) for all y ∈ V (G) − X .
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Bujta´s, Jendrol, Tuza [3] introduced the definition of strong parity factor and gave some sufficient
conditions for graphs to have this property. Especially, they showed that every 2-edge-connected
graph with minimum degree three has the strong parity factor property and conjecture that the
minimum degree condition can be improved.
Conjecture 1 (Bujta´s, Jendrol and Tuza, [3]). Every 2-edge-connected graph of minimum degree
at least three has the strong parity property.
In this paper, we give a characterization for a graph to have a strong parity factor.
Theorem 2. G has the strong parity property if and only if for any T ⊆ V (G)
∑
x∈T
dG(x)− 2|T | − c(G− T ) ≥ −1,
where c(G− T ) denotes the number of connected components of G−X.
As an application of Theorem 2, we construct a counterexample to disprove Conjecture 1 and
show that 3-edge-connectivity is a sufficient condition for graphs to have the strong parity property.
Theorem 3. Every 3-edge-connected graph of minimum degree at least three has the strong parity
property.
In the proof of Theorem 2, we need the following technical lemma.
Theorem 4 (Lova´sz, [5]). A graph G has a (g, f)-parity factor if and only if for any two disjoint
subsets S, T of V (G),
η(S, T ) = f(S)− g(T ) +
∑
x∈T
dG−S(x) − q(S, T ) ≥ 0,
where q(S, T ) denotes the number of components C of G − S − T , called g-odd components, such
that g(V (C)) + eG(V (C), T ) ≡ 1 (mod 2).
2 Proof of Theorems 2 and 3
Proof of Theorem 2. Let n := |V (G)| and let ne, no ∈ {n+ 1, n} such that ne is even and no is
odd. For X ⊆ V (G), let gX , fX : V (G)→ Z such that
gX(v) =
{
−1, if v ∈ X ;
2, otherwise.
and
fX(v) =
{
no, if v ∈ X ;
ne, otherwise.
By the definition of strong parity factor, one can see that G has the strong parity property if and
only if for any X ⊆ V (G) such that |X | ≡ 0 (mod 2), G contains (gX , fX)-parity factor.
Sufficiency (⇐). Suppose that G has no the strong parity property. Then there existsX ⊆ V (G)
with |X | ≡ 0 (mod 2) such that G contains no (gX , fX)-parity factors. By Theorem 4, there exist
two disjoint subsets S and T of V (G) such that
η(S, T ) = f(S)− g(T ) +
∑
x∈T
dG−S(x)− q(S, T ) ≤ −2, (1)
2
where q(S, T ) denotes the number of components C of G− (S ∪ T ), called g-odd components, such
that eG(V (C), T ) + g(V (C)) ≡ 1 (mod 2). We choose S, T such that S ∪ T is minimal.
Claim 1. S = ∅.
Suppose that S 6= ∅. Let v ∈ S and let S′ = S − v. Then we have
η(S′, T ) = f(S′)− g(T ) +
∑
x∈T
dG−S′(x) − q(S
′, T )
≤ (f(S)− f(v))− g(T ) + (
∑
x∈T
dG−S(x) + eG(v, T ))− (q(S, T ) + (dG(v)− eG(v, T ))
= f(S)− g(T ) +
∑
x∈T
dG−S(x)− q(S, T ) + (dG(v)− f(v))
≤ f(S)− g(T ) +
∑
x∈T
dG−S(x)− q(S, T ) ≤ −2
contradicting to the minimality of S ∪ T . This completes the proof of Claim 1.
Claim 2. T ∩X = ∅.
Suppose that T ∩X 6= ∅. Let u ∈ X ∩ T and let T ′ = T − u. Then we have
η(S, T ′) = f(S)− g(T ′) +
∑
x∈T ′
dG−S(x)− q(S, T
′)
≤ f(S)− (g(T )− g(u)) + (
∑
x∈T
dG−S(x)− dG−S(u))− (q(S, T )− eG(u, T ))
= f(S)− g(T )− 1 +
∑
x∈T
dG−S(x)− q(S, T )− dG−S(u) + eG(u, T )
≤ f(S)− g(T ) +
∑
x∈T
dG−S(x)− q(S, T )− 1 ≤ −3
contradicting to the minimality of S ∪ T . This completes the proof of Claim 2.
From (1) and Claims 1 and 2, we have
−2 ≥ η(S, T ) = η(∅, T )
= −g(T ) +
∑
x∈T
dG(x)− q(∅, T )
≥ −2|T |+
∑
x∈T
dG(x)− c(G− T ),
i.e,
−2|T |+
∑
x∈T
dG(x)− c(G− T ) ≤ −2,
a contradiction.
Necessity (⇒). Suppose to the contrary that there exists T ⊆ V (G) such that
−2|T |+
∑
x∈T
dG(x)− c(G− T ) ≤ −2. (2)
We claim G is connected and δ(G) ≥ 2. If G contains one vertex of degree one, saying u, let
X ⊆ V (G) such that u /∈ X and |X | ≡ 0 (mod 2). One can see that G contains no (gX , fX)-parity
3
factor F , a contradiction. Else if G is not connected, we may choose X consisting two vertices from
different connected components. By parity, G contains no (gX , fX)-parity factors, a contradiction
again.
Now we have e(G) ≥ n. So by (2), we have T 6= V (G) and c(G − T ) ≥ 1. Let q := c(G − T )
and let C1, . . . , Cq denote the connected components of G − T . Write Ce := {Ci | eG(V (Ci), T ) ≡
0, i ∈ {1, . . . , q}}. Let qe := |Ce|. Without loss generality, suppose that Ce = {Ci | i ∈ {1, . . . , qe}}
when qe ≥ 1. For 1 ≤ i ≤ qe, let xi ∈ V (Ci). Define
X =


∅, if qe ∈ {0, 1};
{x1, . . . , xqe}, if qe ≡ 0 (mod 2) and qe 6= 0;
{x1, . . . , xqe−1}, otherwise.
One can see that |X | ≡ 0 (mod 2).
Now it suffices to show that G contains no (gX , fX)-parity factors, which contradicts that G has
the strong parity property. Note that for every C /∈ Ce, gX(V (C))+eG(V (C), T ) ≡ eG(V (C), T ) ≡ 1
(mod 2) and for 1 ≤ i ≤ qe − 1 when qe ≥ 2, gX(V (Ci)) + eG(V (Ci), T ) ≡ gX(xi) ≡ 1 (mod 2). So
we have
η(∅, T ) = fX(∅)− gX(T ) +
∑
x∈T
dG(x)− q(∅, T )
= −2|T |+
∑
x∈T
dG(x)− q(∅, T )
≤ −2|T |+
∑
x∈T
dG(x)− (q − 1) ≤ −1 (by 2),
where q(∅, T ) denotes the number of components C of G−T , called gX-odd components, such that
gX(V (C)) + eG(V (C), T ) ≡ 1 (mod 2). So by Theorem 4, G contains no (gX , fX)-parity factors.
Consequently, the proof is completed.
Corollary 5. Conjecture 1 is not true.
Proof. Let p ≥ 4 be an even integer. Let F be a 3-connected 3-regular graph with order p.
Let H be a bipartite graph obtained from F by inserting a new vertex into every edge of F . Let
A = {u | dH(x) = 3} and B = V (H) − A. One can can see that |A| = p, |B| = 3p/2, and
B is an independent set. Write B = {u2, . . . , u3p/2}. Let F1, . . . , F3p/2 be 3p/2 copies of Kp.
For every i ∈ {1, . . . , 3p/2}, we pick a vertex vi ∈ V (Fi) and identity vi and ui as a vertex.
The resulted graph denoted by G is 2-edge-connected and δ(G) = 3. Moreover, one can see that
c(G−A) = c(H −A) = |B| = 3p/2. Hence
−2|A|+
∑
x∈A
dG(x)− c(G−A) = −p/2 ≤ −2.
By Theorem 2, G does not have the strong parity property. This completes the proof.
Proof of Theorem 3. For any T ⊆ V (G), since G is 3-edge-connected, δ(G) ≥ 3 and 3c(G−T ) ≤∑
x∈T dG(x). So we have
∑
x∈T
dG(x)− 2|T | − c(G− T ) ≥
2
3
∑
x∈T
dG(x)− 2|T | ≥ 0.
By Theorem 2, G have the strong parity property.
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